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ABSTRACT 

We consider a particular class of measure-valued Markov branching processes that 
are constructed as "superprocesses" over some underlying Markov process. Such 
a process X dies out almost surely, so we introduce various conditioning schemes 
which keep X alive at large times. Under suitable hypotheses, which include the 
convergence of the semigroup for the underlying process to some limiting prob- 
ability measure v, we show that the conditional distribution of t - lXt  converges 
to that of Zv as t --, oo, where Z is some strictly positive, real random variable. 

1. Introduction and statement of results 

Let  E be a local ly  c o m p a c t ,  second  coun tab le ,  H a u s d o r f f  t opo log ica l  space.  

Denote  by  M ( E )  the space o f  finite measures  on  E equ ipped  with the topo logy  of  

weak  convergence.  Suppose  tha t  ~ = (fl,5:,5:t, 0t, ~ t ,P  x) is a Borel  r ight  M a r k o v  

process  in E with semigroup  (Pt)  such tha t  Pt 1 = l,  t > 0. 

F r o m  a more  genera l  cons t ruc t ion  in [5] (see, also,  [2]) we have tha t  for  each 

b o u n d e d ,  non-nega t ive  Borel  func t ion  f :  E - ~  R the in tegra l  equa t ion  

fO 
t 

v t (x )  = P t f ( x )  - P~(x, vL~)ds  

has a un ique  so lu t ion  vt = Vtf,  and  there  exists a un ique  M a r k o v  semigroup ,  

(Qt) ,  on M ( E )  for  which 
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t '  
(1.1) JQ, (#, dv)e-'(f) = exp( -# (Vt f ) )  

for all such f .  Moreover, (Qt) is the semigroup of  an M(E)-valued right process 

x = ( w , 9 , g t , o . x . P ~ ) .  

The first construction of this type appears in [12] for the case when (Pt) is a 

Feller semigroup. We refer the reader to the Introduction of [5] for a representa- 

tive bibliographic selection from the extensive amount of work that recently has 

been done in studying various aspects of this and related classes of measure-valued 

process. 

Observe from (1.1) that 

P~[exp(-~,Xt(1))] = exp(-/~(1)),(1 + M) -1) (I .2) 

for ~. _> 0 and so 

(1.3) Pu[Xt = 01 = exp(-/z(1)t-~) .  

It is also clear from (1.1) that the null measure is a trap for X. Combining these 

two observations, we see that Xt = 0 for all t sufficiently large PU-a.s. 

Our aim in this paper is to study the long-term behaviour of Xt on the rare 

event that Xt ~: 0. More precisely, we introduce various conditioning r6gimes that 

ensure that Xt ~: 0 and then obtain distributional limit theorems for atXt as t --, 

0% where (at) is some suitable family of constants. This type of result is familiar 

from the branching process literature (see, for example, Theorem 9.2 of [1]). 

For 0 < T < ~ and/z :~ 0 define 

P~[.] = P~[ .  IXsq: 0, 0 <__s_< TI.  

From (1.3) we see that if 0 _< t < Tthen Prl~,, the restriction of P~-to gt, is given 

by 

(1.4) P~-I~t[.] = P~[ [1-exp(-Xt(1)(T- t)-l) ) ] 
• 1 

We also want to construct for # ~ 0 a probability P~ which has the intuitive in- 

terpretation of P~[.  [Xs ~ 0, 0 < s < oo]. From (1.4) we find that if • is bounded 

and ~t-measurable then 

lira P~[4,] =/~(1) -~ P~[,I, Xt(1)]. 
T~oo 

Now Proposition 2.7 of [5] shows that the function u ~ u (1) is invariant for (Qt) 

(this also may be seen directly by differentiating both sides of (1.2) at 3, = 0). Ap- 
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plying the observations on p. 298 of [11] we see that under suitable conditions on 

W (which are satisfied by the canonical set-up in [5], for example) there does in- 

deed exist a probabili ty measure ~ o n  W such that 

(1.5) u = P~olg,[.] /~(1) -1P ' [  .Xt(1)].  

Moreover, under these conditions (W,~,gt ,  Or, Xt,P~) is a conservative right pro- 

cess on the space [ v E M(E) : ~ ,  0}. In any case, for each t _> 0 we may use the 

right-hand side of  (1.5) to define a probability measure on gt. We may unambig- 

uously refer to this measure as P ~  because for 0 _< s ___ t the measure constructed 

in the same manner but with t replaced by s coincides with the former measure re- 

stricted to ~,.  The measure P ~  is constructed and characterized in [9] for the case 

when (Pt) is Feller. 

Recall that we are trying to find constants (at) such that under appropriate  

condi t ioning atgt converges in distribution to some random finite measure Y as 

t - ,  oo. To get a feel for the sort of  conditions that will be required for this to hap- 

pen, suppose that we have (at) such that atX t converges in distribution to some 

almost surely non-zero random measure Y under ~ .  Then, for each bounded, 

continuous function f :  E ~ R, we must have limt__.ooF~[Xt(f)/Xt(l)] = m( f ) ,  
where m is the expectation measure for the random probabili ty measure Y(. ) /  
Y(1). Proposit ion 2.7 of  [5] gives that 

F~[Xt(f)/Xt(1)] =/z(1)  -~ F ~ [ X t ( f ) ]  

= ~ ( 1 ) - ~ p , f .  

So, at the very least, we will require some form of  ergodic behaviour for the semi- 

group (Pt).  With this in mind, we record the following hypotheses. 

HYPOTHESIS (I). There exists a probabili ty measure v on E such that for each 

bounded, continuous function f :  E ~ IR we have that P t f ~  v(f)  uniformly on 

compact  subsets of  E as t --, oo. 

HYPOTHESIS (II). There exists a probability measure v on E such that Pt (x,.) << 

v for all t > 0 and x E E; and for each bounded, continuous function f :  E-~  F, we 

have that Ptf-~ v(f)  pointwise as t --, oo. 

We are now ready to state our main result. 

TI-mOREM. Consider # E M ( E) \ [ 0 ] .  Under Hypothesis (I) or Hypothesis (II) 

the following hold. 
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(i) For B E [1,oo [ the distribution of  t - l  Xt under P~t converges weakly as t --* 

oo to that o f  the random measure Z a v, where Z a is a non-negative random 

variable having density 

,_.~e -x, ~ =  1, 

x L ~ [ e  - x -  e-aX/ta-~>], ~ > 1, 

with respect to Lebesgue measure on [0,00[. 

(ii) The distribution of  t - lX t  under IJ~ converges weakly as t --, oo to that o f  

the random measure Z~ v, where Z® is a non-negative random variable 

having density x ,-. xe-X with respect to Lebesgue measure on [0,oo [. 

We give the proof of  the theorem in §2 and then give some examples in §3 of 

specific classes of processes which satisfy one or the other of  the hypotheses. 

The conclusion of the theorem should hold more generally. For instance, even 

if (Pt) has more than one invariant probability measure it should be true that the 

conclusion holds when v is an extremal invariant probability measure and #Pt 

converges to v. Unfortunately, we are unable to obtain a result of this generality. 

We do remark, however, that the only place where Hypotheses I or II are used is 

in Lemma 2.3 to ensure that 

f0 t lim t -l t t P s ( P t - s f  - v ( f ) )  2 dS = O, t~Oo 

and in particular special cases it may be possible to check this condition even when 

Hypothesis I or II is not satisfied. 

We end this section with some remarks about the connection between our results 

and the so-called "cluster representation" of  Xt. It is known that we may con- 

struct on some probability space independent, identically distributed, non-zero ran- 

dom measures {Y~"t, y~,,t . . . .  I and an independent Poisson random variable 

N(#,  t) with expectation #(1)t -~ such that under P~ the distribution of Xt is that 

of  ~=t~,t) y~,.t (see, for example, Prop. III.1.1 of [31 or Lemma 1.4 of  [4]). 

Therefore, the distribution of Xt under P~" is just the conditional distribution of  

~<~,.t) yr,t  given N(/z, t) * 0. An easy calculation shows that, conditional on 

N(#,  t) :# 0, the distribution of N(/~, t) converges weakly to the point mass at 1 

as t ~ oo. We may thus conclude from part (i) of the Theorem with/3 = 1 that 

t -! Y~" converges in distribution to ZI v as ~ oo. 
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2.  P r o o f  o f  the  T h e o r e m  

LEMMA 2.1. Consider # E M ( E ) \  [0}. 
(i) For ~ E [1,oo[ the distribution of t-l Xt(1) under P~t converges weakly as 

t -~ oo to that of  Zt~. 
(ii) The distribution of t-lXt(1) under P~ converges weakly as t--* oo to that 

of Z~. 

PRooF. (i) First consider the case B = 1. From (1.2) and (1.3) we see that for 

),_>0 

p~[exp(_)~t_lXt(1))] = e x p ( - # ( l ) k ( 1  + ~ ) - l t - l )  - e x p ( - # ( 1 ) t  - I )  
1 - e x p ( - # ( 1 ) t  -~) 

which converges to (1 + )k) -1 as t - ,  oo. As X ~ (1 + )x) -1 is the Laplace transform 

of  ZI the result follows. 

Now consider/3 E ] l,oo [. From (1.4) and (1.2) we see that 

la~t[exp(-Xt-~Xt (1))1 

= PU[exp(-Xt-'X'(1)) [ 1 -  i Z e~P(-~l)f-?-~i)exp(-Xt(1)(~ - l)-It-1) I] 

e x p ( - # ( l ) M - l ( 1  + X) -~) 
1 - e x p ( - # ( l ) / 3 - 1 t  -1) 

e x p ( - - # ( 1 ) { k t - l +  ( / 3 -  1)- i t  -1] [1 + ;~ + ( / 3 -  1)-l} -1) 

1 - exp(- / l (1) /3-1t  - l )  

~ / 3 ( / 3 -  1)-1(1 + X)-I{1 + X +  (13-  I ) - 1 ]  -1 

as t -~ 0% and this last expression is readily verified to be the Laplace transform 

of Z~. 

(ii) From the above we find that 

P~[exp(  - ) , t - l X t  ( 1))] = l i m  P~ ,  [ e x p (  -M-Ix  t ( 1 ))] 
/3400 

= (I + X)-2exp(--#(1)~,t-l(1 + X) -~) 

--~ (1 + )k) -2  

as t --, o% and this last expression is of  course the Laplace transform of Z~,. [] 
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LEMraA 2.2. Consider # E M ( E )  \ 10}. For 13 E ] 1,oo [ and any measurable 

function G : [0,oo [ x M ( E )  --, [0,oo [ one has that 

l imsup ~ t [ G ( t ,  Xt)] < (1 - / 3 - ~ )  -1 l imsup P ~ [ G ( t ,  Xt)].  
I~OO t---cOO 

PROOF. This is clear f rom (1.4), (1.5) and the inequali ty 1 - e -x < x, x >_ O. [] 

LEMMA 2.3. Consider # E M ( E )  \ [0}. Suppose that either Hypothesis (I)  or 

Hypothesis (H) holds. Then for  each bounded, continuous function f :  E -~ ~ ,  

l imsup t - l F ~ [ ( X t ( f )  -- u ( f ) X t ( 1 ) )  2] = 0. 
l ~ O o  

PROOF. Observe  f r o m  Propos i t ion  2.7 o f  [5] that  

P " [ ( X t ( f )  - p ( f ) X t ( 1 ) )  z] = ( ~ P t f -  ~ ( 1 ) u ( f ) )  2 + 2 # P s ( P t - , f -  v ( f ) )  2ds 

= q~(t), 

say. 

Assume  first ly tha t  Hypo thes i s  (I) holds.  Since #Ps converges  weak ly  to 

/~ (1) u as s ~ oo, for  each e > 0 there exists M > 0 and a compac t  set K such that  

I~P~(K) > t~(1)(l - e) for  all s > M.  Thus  

l imsup 1 f t  t~o. 2 t- l"Y(t)  < l imsup #(1)(1 - e ) t  -1 sup ( P t - j ( x )  - u( f ) )Zds  
t--*oo d M x E K  

+ l imsup ~(1)e t  -1 (2 sup If(x)l)2ds 
t~oo x E E  

= 4e/z(l)  sup I f (x) l  2, 
x E E  

and so limsupt_.oot-17(t) = O. 

Assume now that  Hypothes i s  (II)  holds.  As ups = u for  all s > 0 we see that  

f0' fo 1 l imsup t - I  u P s ( P t _ s f -  ~,(f))Zds = l imsup u ( [ P t o - s ) f -  u(f)12)ds = O, 
t - * ~  t ~ o o  

(2.3.1) 

by  a change o f  variables and bounded  convergence.  Hence  for  each ~ > 0 

(2.3.2) l im t -~ P~-~(Pt - , f  - u( f ) )2( ' )  ds = 0 
l---~ OO 
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in uPn-measure (which is to say, in u-measure). If limsupt_oo t - 1 7 ( t )  > 0 then we 

can find a > 0, ~ > 0 and a sequence [ t .  } with t.  ~ oo for which 

f~ tn (2.3.3) tYll~P~ P ~ - ~ ( P t - s f  - P( f ) )2ds  > 6, Vn. 

Now from (2.3.2) there exists a subsequence [u . ]  C It.} such that 

f~ un lim u21 P s - , ( P t - s f  - u ( f ) ) 2 ( ' ) d s  = 0 ?1~oo 

v-a.e., and thus/~P,-a.e,  also. Applying bounded convergence we obtain a con- 

tradiction to (2.3.3). [] 

We can now complete the proof  of  the Theorem. From arguments almost iden- 

tical to those in Theorem 4.2 of [7], it suffices to show that for each bounded, con- 

tinuous function f :  E -~  R we have that the distribution of  t - l X t ( f )  under last 

(respectively, la~) converges weakly as t ~ ~ to that o f  Z ~ p ( f )  (respectively, 

Z~ ~,(f)). Given Lemma 2. l, this will be accomplished if we can prove that the 

distribution of  X t ( f ) / X t ( 1 )  under last (respectively, la~) converges weakly as t 

to the unit point mass at ~ ( f ) .  

Consider first of  all part (i) with/3 -- 1. Given e, a > 0 we have 

P ~ t ( I X t ( f ) / X , ( 1 )  - v ( f )  I > e) < ~ )~ ( IX t ( f )  - u ( f ) X t ( 1 ) [  > ate) 

+ Pf (Xt (1 )  _< at).  

Observe that 

P ~ ( [ X t ( f )  - v(f )Xt(1)[  > ate) <_ a - E e - 2 t - 2 [ 1  - e x p ( - M l ) t - 1 ) ]  -1 

X F " ( [ X t ( f )  - v ( f ) X t ( l ) ) ] 2 ) ;  

and so, from Lemmas 2.3 and 2.1, 

limsup P ' ¢ ( I X t ( f ) / X , ( 1 )  - " ( f ) t  > e) <_ e-Xdx.  

As 6 is arbitrary, the result follows in this case. 

Now consider part (ii). Given e, a > 0 we have 

~ ( t X t ( f ) / X t ( l  ) - v ( f )  I > e) <- ~ ( I X t ( f ) / X t ( 1 )  - v ( f ) l X t ( 1 )  1/2 > al/2tl/2e ) 

+ ~ ' ~ ( x , ( 1 )  <_ at) .  
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Observe that 

P ~ ( I X t ( f ) / X t ( 1 )  - v ( f ) l X t ( l )  1/2 > ~l/2tl/Ee) <_ f i - l e -2 t - l # (1 ) - I  

X P ~ ( [ X t ( f )  -- v ( f ) X t ( 1 ) ] 2 ) ;  

and so, from Lemmas 2.3 and 2.1, 

limsup P ~ ( I X A f ) / X , ( 1 )  - v ( f ) l  > ~) <_ xe-Xdx.  

The desired result again follows. 

Finally, consider part (i) with B E ] 1,~ [. Given what we have shown in the pre- 

vious paragraph, the result is immediate from Lemma 2.2. 

3. Some examples 

EXAMPLE 3.1. Suppose that E is discrete (and hence countable). If there exists 

a probability measure v on E such that l imt~o~Pt(x,{y]) = v({y}) for all x , y  E E 

then Hypothesis (I) holds. 

EXAMPLE 3.2. Suppose that E is, in fact, compact and is also a topological 

Abelian group. Suppose further that ~ is a L6vy process on E, so that the measures 

(Pt(O,.))t_>o form a continuous convolution semigroup. If  we le t /~ denote the 

dual of  E and write ( -,. } for the canonical pairing between E and/~, then it is well- 

known that there exists a function ~b:E ~ C such that .fPt(O, d y ) ( y , x )  = 

exp(-tck(X)) for all t _> 0 and x E E (see, for example, Ch. IV of  [8]). 

Assume that (Retk(x) > 0 when x :# 0~. Then l i m t ~ f P t ( x ,  d y ) ( y , x )  = 0 for 

X :# 0g and so Pt ( x , . )  converges weakly to v as t ~ 00, where v is normalized Haar 

measure. It is possible to metrise E with a translation invariant metric (for instance, 

we can take any metric and then average over Haar measure). Let d( . , .  ) be such 

a metric. Note that if f :  E ~  R is continuous then 

/ ,  
] P t f ( x )  - P t f ( Y ) l  = JP t (O ,  dz)  [ f ( z  - x)  - f ( z  - y)] 

-< supllf(v) - f (  w) I : d(  v, w) = d ( x , y ) ]  

and so the family of  functions [Ptf]t>o is equicontinuous. Applying the Arz61a- 

Ascoli Theorem, we see that P t f ~  v ( f )  uniformly as t ~ 0o and hence Hypoth- 

esis (I) holds. 
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EXAMPLE 3.3. Suppose that E = IR and ~ is a regular diffusion in natural scale. 

If ~ has finite speed measure m, then from Theorems V.50.11 and V.54.5 of  [10] 

we see that Hypothesis (II) holds with ~ = m ( . ) / m  (1). 

EXAMPLE 3.4. Suppose that E = R a. Suppose that a ij: R d - ,  R,  1 _< i , j  <_ d, 
and b j : R d ~ R, 1 <_ j <_ d are in C ~ (R  a) with bounded derivatives of  all positive 

orders and that the matrix (ai~(x)) is invertible and positive definite for all x. 

Then there is a unique Feller semigroup (Pt) with infinitesimal generator extend- 

ing the differential operator ~ ~"u aiJOiOJ + ~JbJOJ • Moreover, for all x E IRa and 

t > 0 we have that Pt (x , .  ) is absolutely continuous with respect to Lebesgue 

measure. 

Assume that there exists a smooth function p such that p > O, .fp (x )dx  = 1 and 

0 = 12 ~i,.iaicg~ (aiJ(x)p (x)) - Yl, j # j ( b J ( x ) p ( x ) ) .  Then the argument given in the 

proof of Theorem 1.6 in [6] shows that Hypothesis (II) holds with p(dx) = p ( x ) d x .  
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